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Abstract
The CARMA-NTG protocol is presentedand analyzed.

CARMA-NTG dynamicallydivides the channelinto cycles of
variablelength; eachcycle consistsof a contentionperiodand
agroup-transmissionperiod.During thecontentionperiod,asta-
tion with oneor morepacketsto sendcompetesfor the right to
be addedto thegroupof stationsallowed to transmitdatawith-
out collisions; this is doneusinga collision resolutionsplitting
algorithm basedon a request-to-send/clear-to-send(RTS/CTS)
messageexchangewith non-persistentcarriersensing.CARMA-
NTG ensuresthatonestationis addedto thegrouptransmission
period if oneor morestationssendrequeststo be addedin the
previous contentionperiod. The group-transmissionperiodis a
variable-lengthtrainof packets,whicharetransmittedby stations
thathavebeenaddedto thegroupby successfullycompletingan
RTS/CTSmessageexchangein previouscontentionperiods.As
long asa stationmaintainsits positionin thegroup,it is ableto
transmitdatapacketswithout collision. An upperboundis de-
rived for the averagecostsof obtainingthe first successin the
splitting algorithm. This boundis thenappliedto the computa-
tion of the averagechannelutilization in a fully connectednet-
work with a large numberof stations.Theseresultsindicatethat
collisionresolutionis apowerfulmechanismin combinationwith
floor acquisitionandgroupallocationmultipleaccess.

1 Introduction
Several mediumaccesscontrol (MAC) protocolshave been

proposedover the past few yearsthat are basedon three- or
four-way handshake proceduresmeantto reducethe numberof
collisionsamongdatapackets,therebyproviding betterperfor-
mancethanthe basicALOHA or CSMA protocols[1], [2], [3],
[4], [5], [7], [11], and [14]. The conceptof Group Alloca-
tion Multiple Access(GAMA) wasfirst introducedby Muir and
Garcia-Luna-Aceves[12] to provide performanceguaranteesin
asynchronousMAC protocols. A GAMA protocoldynamically
dividesthechannelinto cyclesof variablelength;eachcyclecon-
sistsof acontentionperiodandagroup-transmissionperiod.Dur-
ing thecontentionperiod,a stationwith a messageto sendcom-
petesfor the right to beaddedto the transmissiongroup; this is
doneusing a request-to-send/clear-to-send(RTS/CTS)message
exchangewith carriersensing.Thegroup-transmissionperiodisa
variable-lengthtrainof packets,whicharetransmittedby stations
that have beenaddedto the transmissiongroupby successfully
competingfor it. As long asa stationmaintainsits positionin a
transmissiongroup,it transmitspacketswithout collisions.Vari-
antsof this basicstrategy canbe designedusingdifferent types�
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of contention-basedMAC protocolslike ALOHA or CSMA to
transmitRTSpacketsinto thechannel.

Wehaverecentlyshown [6] thatcollisionresolutionwhenap-
plied to the RTS/CTShandshakeusedin many MAC protocols
canimprovethethroughputof thesystemsubstantially. In thispa-
perwe describeandanalyzea new channelaccessprotocolthat
combinesgroup allocationmultiple accesswith collision reso-
lution. We call the resultingprotocolCollision Avoidanceand
ResolutionMultiple Accessprotocol with non-persistenttrees
and transmissiongroups(CARMA-NTG). CARMA-NTG pro-
vides dynamic reservationsof the channel,togetherwith col-
lision resolutionof the reservations requestsbasedon a tree-
splittingalgorithm[8]. Like GAMA [13], CARMA-NTG buildsa
dynamically-sizedcycle thatgrows andshrinksdependingupon
traffic demand.Eachcycle consistsof a contentionperiodand
a group-transmissionperiodduring which oneor morestations
transmitdatapacketswithout collision. A positionin the trans-
missiongroupis allocatedto anindividualstationduringthecon-
tentionperiod,anda stationcancontinueto transmitin this po-
sition aslong asit hasdatato send.Stationscompeteto acquire
theright to bein thetransmissiongroupbasedon a tree-splitting
algorithm.

CARMA-NTG ismoreattractivethanpreviousdynamicreser-
vationschemesfor wirelessnets[8], [9], [15]–[17] in thatit does
notrequiretimesynchronizationandin thatit doesnotrequirethe
definitionof controlframesof fixeddurationoverwhichtheslots
for thedataframecanbereserved. It is alsomoreattractive than
tokenpassingschemesin thatnofixedscheduleexistsfor passing
thetokenandnospecialcaseneedsto betakenof thepossibilities
of losingthetoken(thegroupallocationprocesssimply restarts).

Section2describesCARMA-NTG, whichusesnon-persistent
carriersensingfor the transmissionof RTSsanda tree-splitting
algorithmthat resolvescollisionsby allowing a singlestationto
succeedandbeaddedto thetransmissiongroup.Section3 com-
putesan upperboundon the timesassociatedwith the eventual
first successfulallocationof a stationto the group-transmission
period involved in a collision resolutiontree. The importance
of theseboundsis that they are independentof the numberof
stationsin the network. Section4 usesthe boundsto compute
theaveragethroughputachievedby CARMA-NTG whena very
largepopulationof nodesis assumed.As theaveragedurationof
transmissiongroupsor thepersistenceof thestationin thegroups
increases,CARMA-NTG becomesin effectTDMA, giving every
stationin the transmissiongroupa slot in eachcycle. Section5
offersourconcludingremarks.
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2 CARMA-NTG
CARMA-NTG maintainsa dynamically-sizeddata interval

anda dynamically-sizedcontentioninterval basedon RTS col-
lision resolution,resultingin astablenetworkevenwhentheload
on thechannelis high.

In CARMA-NTG, eachcycle is composedof acontentionpe-
riod and a group-transmissionperiod. The group-transmission
periodconsistsof oneor morestationstransmittingdatapackets
without collision. Eachstationin the transmissiongroup is al-
lowedto transmitonedatapacketpercycle. Thenumberof trans-
missionperiods

�
in a group-transmissionperiodrangesfrom �

to � , where �� is theminimumguaranteedtransmissionratein the
network.Eachstationin thenetworkknowsthenumberof mem-
bersin thetransmissiongroup,its own positionwithin thegroup,
andthebeginningof eachgroup-transmissionperiod. Eachsta-
tion in the systemis aware of every successfulRTS/CTSex-
change.During thegroup-transmissionperiod,eachstationallo-
catedto thegrouptransmitsits packetassoonasthepacketfrom
theprevioustransmittingstationis received.Themaximumspac-
ing betweenpacketsis twice the propagationdelay. If a packet
from theprecedingstationis not receivedwithin thisperiod,then
thestationis assumedto have failed andits transmissionperiod
is removedfrom thetransmissiongroup;anew contentionperiod
startsafterthat.

During thecontentionperiod,the stationsin the networkre-
serve a spacein the group-transmissionperiod. To understand
betterhow thecontentionprotocolworksin CARMA-NTG, con-
siderhow RTScollisionsaresolvedin GAMA [12].

GAMA requiresa station that wishesto sendone or more
packetsto acquirethe right to be partof the transmissiongroup
before transmitting the data packets. Stationsfollow a non-
persistentCSMA strategy for the transmissionof RTSs with
which they requestto be addedto the transmissiongroup. The
senderof anRTSlistensto thechannelfor onemaximumround-
trip time plusthetime neededfor thedestinationto senda CTS.
If theCTSis not corruptedandis receivedwithin thetime limit,
the stationis addedto the transmissiongroup. Although each
stationtransmitsanRTS only whenit determinesthat thechan-
nel is free,duringa predefinedamountof time in thecontention
period,a collision with otherRTSsmaystill occurdueto propa-
gationdelays.RTSsarevulnerableto collisionsfor timeperiods
equalto thepropagationdelaysbetweensendersof RTSs.During
theseperiods,multiple stationsmay sensethe channelfree and
alsosendRTSs,thuscausingcollisions.

As specifiedin [13], GAMA protocolssolve collisions by
backingoff andreschedulingRTStransmissions.As with CSMA
protocols,this procedureyields good resultsif the RTS traffic
is low; however, the probability of RTS collisions increasesas
therateof RTStransmissionsincreases,with acorrespondingde-
creaseof systemthroughput.Eventually, astheRTStransmission
rate increases,the constantRTS collisionscausethe channelto
collapse,bringingtheflow of datapacketsto ahalt whenno new
transmissiongroupscanbestarted.

CARMA-NTG usescarrier sensingfor the transmissionof
RTSsanda tree-splittingalgorithmto resolvecollisionsof RTSs.
Eachstationmustknow themaximumnumberof stationsallowed
in thesystemandthemaximumpropagationdelayin thenetwork.
For simplicity, our analysisassumesthat time is slotted,with a
slot lastingonemaximumpropagationdelay.

2.1 Contention Period Description
Duringthecontentionperiod,astationwith oneor morepack-

ets to send competesfor the right to be addedto the group
of stationsallowed to transmitdatawithout collisions; this is

done using a collision-resolutionsplitting algorithm basedon
a request-to-send/clear-to-send(RTS/CTS)exchangewith non-
persistentcarriersensing. The splitting algorithmin CARMA-
NTGterminatesthecontentionperiodassoonasthefirst success-
ful RTS/CTSexchangetakesplace.Thecontentionperiodallows
only one singlestationto succeedin beingaddedto the trans-
missiongroupper cycle. In this paper, we assumethat stations
areallowed to contendto be addedto the transmissiongroupif
they havepacketsto sendwithin onemaximumpropagationdelay
from theendof agroup-transmissionperiod.

Eachstationis assigneda uniqueidentifier, a stackandtwo
variables( ���
	��

 and �����

 ). ����	��

 is initially setto � and
denotesthe lowest ID numberthat is allowed to sendan RTS.�����

 is thehighestID numberthat is allowedto sendanRTS.
Togetherthey constitutethe allowable ID-number interval that
cansendRTSs.If theID of thestationis not within this interval
or thestationhasalreadybeenassignedto thetransmissiongroup,
it cannotsendits RTS.As wedescribesubsequently, thestackis
simply a storagemechanismfor ID-intervals thatarewaiting for
permissionto sendan RTS. Basedon thesevariables,a station
canbein oneof thefollowing fivestates:

PASSIVE thestationhasno local packetspendingandhas
notdetectedthestartof a transmissionperiod

BACKOFF the stationhaslocal packetspendingand could
notbeaddedto thetransmissiongroup

REMOTE the stationhasno local packetsand knows that
thereis a transmissiongroup

RTS the stationis trying to acquirea position in the
transmissiongroup

XMIT thestationis partof thetransmissiongroup

Whena PASSIVE stationobtainsoneor multiple packetsto
send,it first listensto the channel. If the channelis clear (i.e.,
nocarrieris detected),thestationenterstheRTSstateby sending
anRTS.Thesenderthenwaitsandlistensto thechannelfor one
maximumround-triptimeplusthetimeneededfor thedestination
to senda CTS. Whenthe originator receives the CTS from the
destination,it is addedto the transmissiongroupandentersthe
XMIT state,whichstartsfollowing theCTS.

On the otherhand,if a PASSIVE stationobtainspacketsto
sendbut detectscarrier, it enterstheBACKOFFstate.Thestation
thencomputesa randombackoff time andattemptsto enterthe
transmissiongroupafterthattime.

If the CTS is corrupted or is not received within the
time limit, the senderof the RTS, as well as all other sta-
tions in the system,know that a collision has occurred. As
soon as the first collision takes place, every station divides
the ID-interval �����
	��

��������

�� into two ID-intervals. The
first ID-interval, which we will call the backoff interval, is������	��

����� "!$#&%('*)
+�,-#/.102�3 4 � , while thesecondID-interval, the
allowedinterval, is ���� 5!6#&%('*)
+�,-#/.102�3 487 �9�/�����

�� . Eachstation
in thesystemupdatesthestackby executingaPUSHstackcom-
mand,wherethekey beingpushedis thebackoff interval. After
this is done,thestationupdates����	��

 and �����

 with theval-
uesfrom the allowed interval. This procedureis repeatedeach
timeacollision is detected.

If astationis in REMOTEstateandobtainsoneor morepack-
ets to send,it sensesthe channelfor one maximumround-trip
delay, which is the largestgapbetweendatapacketsin a group-
transmissionperiod. If thestationdetectsno carrier, it sendsits
RTS;otherwise,it goesto theBACKOFFstate.



Only thosestationsin theRTS stateat the time thecollision
occurredcanpersisttrying to beaddedto thetransmissiongroup.
Thepersistencecontinuesuntil onestationis addedto thetrans-
missiongroup.Thestationsin thetransmissiongroupdonotsend
anRTSuntil they leavethegroup.All otherstationsmustattempt
to join thetransmissiongroupaftera randombackoff delay.

All stationsin theallowedID-interval thatarein theRTSstate
try to re-transmitanRTS.If noneof thestationswithin this inter-
val requestthechannel,thechannelwill beidle for a timeperiod
equaltoamaximumchanneldelay( : ). At thispoint,anupdateof
thestackandthevariables���
	��

 and �����

 is made.Eachsta-
tion executesaPOPcommandin thestack.Thisnew ID-interval
now becomesthenew �����

 and ���
	��

 . Thesameprocedure
takesplaceif, during the first collision, only one stationis re-
questingthe channel.The originatorreceivesthe CTSfrom the
destinationand is addedto the transmissiongroup,after which
the senderof the RTS transitionsto the XMIT state. The total
time for a successfuladditionto the transmissiongroupis equal
to the durationof an RTS, a CTS, plus two channeldelays. If
two or morestationsrequestthechannelthen,a secondcollision
occurs.Thestationsin theallowedID-interval areagainsplit into
two new ID-intervals; thestackandthevariablesfor eachstation
areupdated.The durationof this event is equalto thecollision
time plus the channeldelay. The algorithmrepeatsthesesteps
until onestationis addedto thetransmissiongroup.A successful
RTS/CTSexchangeindicatestheterminationof thetree-splitting
algorithmandthe beginning of the next group-transmissionpe-
riod. To ensurefairnesswithin thesplitting algorithm,theposi-
tion of thestationsin thetree(whichis equivalentto changingthe
ID number)canvary aftereachcontentionperiod. For example,
theID numbersof thestationscanrotatecyclically. Eachstation
increasesits ID numberby oneandthe last stationtakesthe ID
numberof thepreviousfirst station.

Thecollisionresolutionalgorithmis onlyusedduringthecon-
tentionperiodandits solepurposeis to assignonenew stationto
thetransmissiongroup.In eachstepof thecontentionperiod,one
of thefollowing threecasescanoccur:

Case1–Idle: Thereareno RTSpacketsin any of thestationsin
subtree; � ; therefore,thechannelis idle andno new mem-
beris assignedto thetransmissiongroup.It lasts: seconds.

Case2–Success:Thereis only oneRTS packetin the subtree; � ; therefore,thereis no collision and a stationacquires
thefloor andis assignedto the transmissiongroup. It lasts<>= 7 < : seconds.

Case3–Collision: Therearetwo or morestations(leaves)in the
subtree; � sendinganRTS; thereforea collision occurs.It
lasts

= 7 : seconds.

2.2 Example
To illustratethe CARMA-NTG protocol let us useasan ex-

amplea systemwith four stations.Assumethat,at time ? � , sta-
tion @ ��� is the only stationassignedto the group-transmission
periodwith five datapacketsto transmitandthe last cycle has
endedand we are at the beginning of a new cycle, that is, in
the contentionperiod. The stationscompeteto be addedto the
transmissiongroup. At time ? � , Case3 occurswith station @ ���
and @ � � eachsendinganRTS in thesameslot, while station @ � �
and station @ ��� do not requestto be addedto the transmission
group(seeFig. 1). Station @ ��� doesnot needto senda request
sinceit is alreadyassignedto thetransmissiongroupandall other
stationsknows that it still hasfive datapacketsto transmit. Let
station @ � � have threedatapacketsto sendwhile station @ ��� has
only one datapacketto transmit. At time ? � the first collision
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Figure1: Treestructurefor anexamplewith IKJML stations
and NOJQP stationsarerequestingto beadmittedinto the
transmissiongroup.

occurs,all stationsin thesystemnoticethebeginningof theres-
olution algorithm,aswell asthebeginningof thecontentionpe-
riod. All stationsupdatetheir stacksandtheir ����	��

 aswell as
their �����

 values.After

= 7 : secondshave elapsed,stations@ ��� and @ � � backoff andwill thereforewait until the collisions
in theallowed-ID setareresolved. They bothareexcludedfrom
sendingRTSs. Stations@ � � and @ ��� areallowed to requestthe
channel. Sincestations @ ��� and @ � � in tree ; � do not wish to
beaddedto thetransmissiongroup,anidle contentionperiodoc-
curs(Case1). After : seconds,all stationsnoticethat thechan-
nel is idle, which meansthattherewereno collisionsin tree ; � .
All thestationsin thesystemmustupdatetheir intervalsandthe
stack. They executea POP-stackcommandandthe new allow-
able interval is ���9�R���8��� ; therefore,; � canproceedto solve its
RTS collisions.Both stations@ ��� and @ � � transmitanRTS con-
trol packetandCase3 occursagain.Becauseacollisionoccurred,
after

= 7 : secondstheinterval is split, that is, thesubtree; � is
split into two halves, ; ��� and ; � � . Station @ � � is within the al-
lowable interval while the @ ��� stationmustwait; its interval is
thetopof thestack.Since; � � hasonly onestationrequestingthe
channel,station @ � � is assignedto the transmissiongroupafter<>= 7 < : seconds.During thesuccessfulRTS/CTSexchange,all
otherstationsknow thatstation@ � � hasthreepacketstosend.The
contentionperiodendsandstation @ � � beginsthetransmissionof
its datapacketimmediatelyafter it hasreadthepackettransmit-
tedby theprecedinggroupmember, which is station @ ��� . After<TS 7 < : seconds,station @ ��� hasfour datapacketsleft while sta-
tion @ � � hastwo packets.Let usassumethatnonew datapackets
arrive. In thenext contentionperiod,sincestations@ ��� and @ � �
arealreadymembersof thetransmissiongroup,stations@ ��� and@ � � cancompeteto beaddedto thetransmissiongroup.If @ ��� is
theonly stationrequestingto beaddedto thetransmissiongroup,
it is added,markingtheendof thesecondcontentionperiod.The
lengthof thegroup-transmissionperiodis U S 7 U
: seconds.At
this point, station @ ��� doesnot have any more packetsto send
andis removed from the transmissiongroup,while stations@ ���
and @ � � remainin the transmissiongroup. Station @ ��� still has
threedatapacketsto sendwhile station @ � � needsonemorerun.
Thesizeof thenext contentionperiodis only : seconds;because
no new RTSsrequestsaresent. Thedurationof thenext group-
transmissionperiodis

<�S 7 < : seconds,afterwhichstation@ � � is
removed from the transmissiongroup. The next two contention
periodsareof size : secondseach,while thegroup-transmission



periodsareof size
S 7 : seconds.Finally, station@ ��� is removed

andthetransmissiongroupis empty.

3 Average Collision Resolution Costs
In thissection,wepresentupperboundsfor theaveragecosts

of resolvingRTScollisions.Everystationcanlistento thetrans-
missionsof any otherstation. For the purposeof our analysis,
we assumethat (a) the channelintroducesno errors,so packet
collisionsarethe only sourceof errors,andstationsdetectsuch
collisionsperfectly, (b) two or moretransmissionsthatoverlapin
timein thechannelmustall bere-transmitted,(c) apacketpropa-
gatesto all stationsin exactly : seconds[10], (d) timeis slottedin: -secondslots,and(e) no failure of stationsoccur. Theaverage
sizeof a datapacketis

S
seconds,andRTS andCTSpacketsare

of size
=

seconds.Both
S

and
=

areassumedto bemultiplesof : .
3.1 Average Cost Analysis

First, we presenta combinatorialcalculationof the average
collisionresolutioncostsfor asystemwith @ stationsandV RTSs
arriving during the time period : . Becauseeachstationis as-
signedoneor zeroRTSatany giventime,a leafof thebinarytree
whichcorrespondstoastationin thesystemis assignedan“RTS”
or an“idle”, dependingon whetheror not it hasanRTSto send.

Thebinary treeis a structuredefinedon a finite setof nodes
composedof threedisjoint sets:a root node,a binarytreecalled
a left subtree,and a binary tree called a right subtree. As we
havedescribed,thereareonly threepossiblecasesto considerfor
the resolutionof RTS collisions: idle, success,or collision. For
eachof thesecases,wewish to find a recursiveequationexpress-
ing its averagecost,i.e., thenumberof subtreesstartingfrom the
root that needto be visited beforethe first successfulRTS/CTS
exchange. To do so, we assignthreedistinct averagecost val-
ues: WX��@2�/V�� for theidle case,YZ��@2�/V[� for thesuccesscase,and\ ��@2�]V�� for thecollision case.Thesethreecostsdependon the
numberof leaves @ and the numberof stationswith RTSs, V .
They representan averagenumberover all the possiblepermu-
tationsof V RTSsin @ total stations.What eachof thesecosts
actuallymeansandwhatrulesapplyto eachof thethreecasescan
bestbeexplainedby meansof asimpleexample.

The numberof permutationsof a treewith four leaves( @_^`
), given two out of the four stationsarerequestingthechannel

simultaneously( Va^ <
), is six. In our previous example,sta-

tions @ ��� and @ � � eachsendsanRTSin thesametimeslot,while
station @ � � andstation @ ��� remainidle. This treerepresentsjust
oneof the six possiblepermutations.Let us assignthe index �
to our treeandcalculateW ! � ` � < �1��Y ! � ` � < � and

\ ! � ` � < � respec-
tively. Startingwith the root node,the first thing that happens
is a collision becausetwo stationsarecompetingfor the chan-
nel. After updatingthestackandthe intervals thenext stepis to
takesubtree; � . Sinceno RTSsarepresent,thetotal zerocostisW ! ^b� . Following thealgorithmrules,we takesubtree; � and
againa collision occurs.Thetotal collision costis

\ ! ^ < . The
next stepis to go to node @ � � , which is a successfulRTS/CTS
exchange.At this point thecollision resolutionalgorithmends,
sincea successhasbeenachieved. The total successfulcost isY ! ^c� . What we have countedis the numberof subtreesthat
have collisions(

\ ! ^ < ), thenumberof subtreesthat only have
oneRTSin them( Y ! ^d� ), aswell asthenumberof subtreesthat
areidle ( W ! ^e� ). Thesamecountingprocedurecanberepeated
for eachof the fhg3/i ^kj permutationsof treeswith @l^ ` andVQ^ < . Thesix possiblecombinationscontributeequallyto the
total averagecosts

\ � ` � < � , Ym� ` � < � and WX� ` � < � . Theaveragefor
eachof thethreetypesof costscanbecalculatedby addingeach

individual permutationcostandby dividing by the total number
of permutations.

For countingpurposes,a subtreethat hasno RTS stationsor
onlyoneRTSstationdoesnotneedto beexploredfurther. Count-
ing canstopthereandaddoneunit eitherto W or to Y . It is in-
terestingto observe that Y is alwaysequalto � . Basedon the
examplewecandeducethegeneralrulesshown in Table1.

Rule 1: npo6q-r�s&tvu�s Rule 4: w�o$qxr�yzt-u|{
Rule 2: npo6q-r�{/tvu�s Rule 5: }~o$q-r�s&tvu|{
Rule 3: w�o$q-r�s&tpu�s Rule 6: }~o$q-r�{/tvu�s

Table1: AverageCostRulesfor splitting algorithmuntil
thefirst successis reach

3.2 Average Collision Cost C(n,m)
In our exampleof the binary treewith four leaves( @�^ ` )

andstation @ ��� and @ � � eachsendingan RTS while station @ � �
and station @ ��� remainidle, we found the collision cost to be\ ! � ` � < ��^ < units. This treecanbe visualizedastwo disjoint
subtreesandthe parentnode. Similarly, the total collision cost
canbeexpressedasthecostof theright subtree,plusthecostof
the left subtreeplus oneunit cost for the root of the tree. This
resultcanbeextendedto thegeneralcase,yieldingthefollowing
equation: ���������/�����h�*�z� ���$���&�����]�������h�v� �/� �h�/�����]�������h�v���

(1)

In additionto our example,therearefive otherpossibleways
to distribute two stationswith an RTS to sendin four positions.
Table2 shows all six casesandthe collision cost

\ ! associated
with eachof them.

q ��� q ��� q ��� q �h� C S Z
idle idle RTS RTS 2 1 1
idle RTS idle RTS 1 1 0
idle RTS RTS idle 1 1 0
RTS idle idle RTS 1 1 0
RTS idle RTS idle 1 1 0
RTS RTS idle idle 2 1 0

Table2: CostTablefor all possiblepermutationsfor a tree
with IKJML and N�J�P .

To calculatethe averagecost, we sum eachindividual cost
and divide this result by six. The averagecost

\ � ` � < � can be
expressedin thefollowing compactequation:�T� �������
� �9� f �� i f �� if �� i �-�������h� � �� � �8� f � � i f ���� � if �� i �-�$��� � �
��� 

(2)

The recursionsplits the original @_^ ` treeinto two @¡^ <
subtreesplus the root node. This resultcanbe extendedto the
averagecollision cost

\ ��@2�/V�� . Let ¢£^¤��@-¥ < 4 be the number
of leavesin theright subtree,while ¦_^§@�¨©¢ is thenumberof
leavesin theleft subtree.If @ is even,then¢K^ª¦«^b¬3 , otherwise¦K^­¢�¨®� . Weneedto considerthreecases.¯ Case1: V±°_¢ and Vk°_¦ .�T�6²���³*�
� ��� f�´ � i f9µ³ if ²³ i �x� µ ��³*� � ³�� �� � � � f�´³�� � i f�µ � if ²³ i �x� ´ ��³X� � � (3)



¯ Case2: Vb°¡¢ and Vk¶_¦ .�T�$²T��³*�
� ��� µ� � � � f�´³�� � i f µ � if ²³ i �x� ´ ��³X� � � (4)¯ Case3: Vb¶¡¢ and Vk¶_¦ .�T�$²T��³*�
� ��� µ�� �v³�� ´ f ´
³�� � i f µ � if ²³ i �x� ´ �h³�� � � (5)

Eachcostunit for
\ ��@2�/V�� hasatimeoverheadof ;2·¸^ = 7 :

andcontributesnegatively to theoverallthroughputof thesystem.
Thenext averagecost, Ym��@2�/V�� , contributespositively to the

overall throughputof thesystemandis very simpleto calculate.
Everycontentionperiodwith oneor morestationsrequestingthe
channelis guaranteedto haveonesuccessfulRTS/CTSexchange,
therefore,YZ��@2�/V[�(^d� . Eachsuccesscostunit hasatimeperiod
of
<9= 7 < : . EachtimeanRTS is successfulastationis addedto

thegroup-transmissionperiod.
3.3 Average Idle Cost Z(n,m)

We now computethe averagenumberof subtreesin a tree
with @ leavesand V stationsthatdo not have any RTS to send.
Accordingto the rulesin Table1, no matterhow big the treeor
subtreeis, if thereis only oneRTS leaf ( VO^¹� ), the idle cost
will alwaysbezero.

In our exampleof the treewith four leaves( @_^ ` ) andtwo
stationswith an RTS to send( Vº^ < ), we canplot a costtable
with all thesix permutationcases,asshown in Table2. We stop
countingassoonasthefirst RTS/CTSexchangehastakenplace.

To calculatethe averagecost for our example,we sumeach
of theindividual costsanddivide this resultby six permutations.
Thereis only onecasein which W�^k� ; all the restareequalto� . Thetotal averageidle casefor this examplecanbeexpressed
in thefollowing compactequation:» �������h�>� f �� i f �� if �� i f �
� » � ������� i � f �� i f �� if �� i » � �����h�
� � 

(6)

This resultcanbeextendedto theaverageidle costfor any @
leavesand V stationswith anRTSto send,WX��@¼��V�� . Similar to
theprevioussection,wehave againthreedistinctcases,yielding
thefollowing equations:¯ Case1: Vb°¡¢ and Vk°_¦ .» �6²���³*�8� f�´ � i f9µ³ if ²³ i ½ ��� » � µ ��³*�6¾ �

³��8�� � � � f�´³�� � i f µ � if ²³ i » � ´ �h³�� � �
(7)¯ Case2: Vb°¡¢ and Vk¶_¦ .» �$²���³*�R� µ� � � � f ´³�� � i f µ � if ²³ i » � ´ ��³�� � � (8)¯ Case3: Vb¶¡¢ and Vk¶_¦ .» �$²T��³*�
� µ�� �v³�� ´ f�´

³�� � i f�µ � if ²³ i » � ´ ��³X� � � (9)

The parameters¢ and ¦ arethe sameas in Eqs.3,4, and5.
Thetime periodfor eachcostunit for theidle costcaseis equal
to thechanneldelay : .

3.4 Upper Bound
Obviously, the upper bound of the average successcostYZ��@2�/V[� is equalto � . We usemathematicalinductionto prove

the upperboundsfor theaverageidle cost WX��@2�/V�� andfor the
averagecollision cost

\ ��@2�]V�� . Let ¿ be defineasthe lower in-
dex and À astheupperindex of thesummationsin Eqs.3,4,5,7,
8, and 9. We know that thereare threepossiblecombinations,
determiningthe indicesof the summation.First if VÁ°Â¢ andVk°_¦ , then ¿Ã^¡� while the ÀÄ^­V . In thesecondcase,V±°_¢
and ¦£¶�V , then ¿¡^e� , while À©^�¦ . Finally, if V is greater
thanboth ¢ and¦ , bothindiceschangeto ¿�^£Vª¨Å¢ and À�^®¦ .
TheparameterV cannotbeat thesametime ¶­¢ and °_¦ since¦©°l¢ , therefore;wedisregardthiscase.
Theorem 1: For all Vb¶d� and @�¶£� , WÄ��@2�/V[�(°±�3 .
Proof: From Table1, we know that WÄ��@2������^º� , WX��@¼�]����^� and that WX��@2�/@-��^º� . Let @M^ <

and VÆ^ <
; therefore,WÄ� < � < �Ç^¡�X°b�3 .

Now we assumethat,for all
< °£@|°­¢ andall

< °­VQ°­À ,
theconditionsWÄ��¢"��V��"°±�3 aresatisfied;weshow thatthecon-
dition holdsfor all WX��@2�/V�� . Therearethreecasesto consider.

Case 1: VÈ°�¢ and VÁ°Â¦ : Then ¿£^±� while Àl^QV ;
therefore,usingEq.7 andsubstitutingevery W for �3 weget» �$²���³*�RÉ f�´ � i f9µ³ if ²³ i � �� f�´ � i f9µ³ if ²³ i � �� ³��8�� � � � fÃ´³�� � i f µ � if ²³ i (10)

For any binomialcoefficient, f ¬ Ê i ^b¬
' Ê 02�Ê f ¬Ê '*� i . Hence,» �6²���³*�RÉ �� � � µ ��³ ´ � ��� � ��³*���³ f µ³�� � if ²³ i É ��
(11)

Theproof for Case 2 ( V±°­¢ and V±¶¡¦ ) andCase 3 ( V±¶¢ and V±¶©¦ ) canbedonetogetherstartingwith» �6²���³*�
�ÌË� � �ÎÍ fÃ´³�� � i f�µ � if ²³ i » � ´ ��³X� � � (12)

Therefore,wehave» �6²���³*�vÉOË� � �ÎÍ �� f�´³�� � i f µ � if ²³ i É ��
(13)

We concludethat for all V¤¶ < andany valueof @ , our as-
sumption,WÏ��@¼��V��"°b�3 is correct.Ð
Theorem 2: For all Vb¶d� , \ ��@2�/V[�~°©Ñ$Ò9Óx��V[� 7 � .
Proof: Accordingto Eqs.3 to 5 we have threepossiblecasesto
prove.

Case 1: VÔ°�¢ and VÔ°Q¦ . Ñ$Ò>Ó-��V�� 7 �l^cÑ$Ò>Ó-� < V�� ,
therefore,if wesubstitute

\ ��¢"�/��� by Ñ$Ò9Óx� < ��� in Eq.3, weget�T�$²T��³*�RÉ¸Õ Öh×1� �h� � f�´ � i f9µ³ if ²³ i Õ Ö�×1����³*� � ³�� �� � � � f�´³�� � i f µ � if ²³ i Õ Ö�×1�����6³�� � �$�xÉ¸Õ Ö�×1����³*�
(14)

Theproof for Case 2 ( V±°­¢ and V±¶¡¦ ) andCase 3 ( V±¶¢ and V±¶©¦ ) canbeproventogetherstartingwith�T�6²���³*�
� ��� Ë� � �
Í f�´³�� � i f µ � if ²³ i �-� ´ ��³X� � � (15)



Usingthefact that
\ ��¢"�����"°©Ñ$Ò>Ó-� < ��� yields,�T�$²���³*�ØÉ¸Õ Öh×1� �h� � Ë� � �
Í f�´³�� � i f�µ � if ²³ i Õ Ö�×1�����6³�� � �$�RÉzÕ Öh×1� ��³*�

(16)

Weconcludethat WX��@2�/V��(°_Ñ$Ò>Óv��V[� 7 � is correctfor any @
andall Vk¶£� . Ð
4 Throughput Analysis

AlthoughCARMA-NTG doesnot requiretimeslottingto op-
erate,this sectiondoesassumeslotting to simplify theanalysis.
Theanalysisin this sectionusesthesametraffic modelasfor the
slottedCARMA protocolpresentedin [6]. It isassumedthatthere
is an infinite numberof stationsforming a Poissonsourcesend-
ing RTSs(both new andretransmitted)with an aggregatemean
generationrateof Ù RTSsperunit time. Eachstationis assumed
to have at mostoneRTSto transmitat any giventime. With this
model,the averagenumberof RTS arrivals in a time interval :
is Ùv: , i.e., VÚ^bÙv: . All datapacketshave a durationof

S
sec-

onds,andthetimeto transmitacontrolpacketis
=

seconds.Both=
and

S
are multiplesof : . The numberof packetsin a mes-

sageis a randomvariable,andtheprobabilitythatamessagewill
completeits transmission(in a given cycle) is given by ÛÃ^ �Ü
whereÝ is theaveragenumberof packetsin amessage.Wealso
makethesameassumptionsintroducedin Section3, andassume
that the time to transitionbetweentransmitandreceive statesis
negligible. Tosimplify ouranalysis,themembersin thetransmis-
siongroupareorderedby thenumberof packets(in themessage)
remainingto betransmitted,andrequeststo beaddedto thetrans-
missiongroupis allowedevenwhenthegroupis full. The later
assumptionmakesour analysisa pessimisticlower boundon the
performanceof theprotocol.

For a station to be added to the transmissiongroup, the
RTS/CTSexchangemustbesuccessful,theRTSmustbetheonly
onein thechannelduringits transmission.Theprobabilityof this
happeningisÞ � � Þvß�à � �

arrival in aslot á somearrivals in aslotâ ��ãTä-å � � ãTä� � ��� ãTä (17)

The fraction of colliding RTSsis resolved with the help of the
splittingalgorithm,whereonesuccessfulRTS/CTSexchangeper
contentionperiod is guaranteed.EachsuccessfulRTS/CTSex-
changehasa durationof ;2æm^ <9= 7 < : seconds.Eachcollision
hasaduration;2·¸^ = 7 : seconds,while eachW hasaduration
of : seconds.The upperboundson averagecollision resolution
costsareindependentof thenumberof stations.Theprobabilityç�è

thatastationwill beaddedto thetransmissiongroupis equal
to � , sinceper contentionperiod the algorithmguaranteesone
successfulRTS/CTSexchange.Eachcontentionperiodattaches
anew memberto thetransmissiongroup.

Thestatesof thegroup-transmissionperiodcanberepresented
by aMarkov chain.Fig. 2 is anexamplefor anetworkthatallows
at most éK^ ` stationsto bemembersof thegroup-transmission
period. Transitionsfrom one stateto the other have beenade-
quately labeled. The statesin the Markov chain representthe
probability

ç Ê that
�

membersarein thetransmissiongroup.No-
tice that the numberof membersin the transmissiongroupcan
only increaseby one,but it candecreaseby up to

�
. At most,

onenew membercanbeaddedto thetransmissiongrouppercon-
tentionperiod,but any numberof memberscanbereleasedfrom
the groupper group-transmissionperiod. Transitionsdeparting
from andreturningto thesamestatearenotshown in Fig.2,since
whatcomesinto thestateis thesameaswhatgoesoutof thestate.

They representthe caseof onememberbeingacceptedinto the
transmissiongroup,while anothermemberleavesthe transmis-
siongroup.

K=0 K=1 K=2 K=4K=3

P3*Pa*(1-q)^3
P0*Pa*(1-q)^0 P1*Pa*(1-q)^1 P2*Pa*(1-q)^2

P4*q^2*(1-q)^2

P4*q*(1-q)^3

P3*Pa*q^3*(1-q)^0

P3*Pa*q^2*(1-q)

P2*Pa*q^2*(1-q)^0

 Plane

P4*q^4*(1-q)^0

P4*q^3*(1-q)

Figure2: Markov Chaindefiningthe transitionsfrom one
stateto theother. Thegivenexampleis for a networkthat
allows,at themost, L membersin thetransmissiongroup.
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Wecangeneralizeour exampleanddefineé asthemaximum
numberof membersin thetransmissiongroupallowedby thenet-
work. If wedraw aline betweenany two consecutivestatesof the
Markov chain,thentheflow of thetransitionsgoingin onedirec-
tion hasto beequalto theflow in theotherdirection.Therefore,Þ à Þ�î � � �8ï�� à � � � à � �� � � � Þ�îTÞ à � � à � ��ð � � �Ø� ï ð � � �Îï�� à � � � ð � Þ �

��ð � � � à ï ð � � �Îï�� � � ð
(18)

If wedividebothsidesby
ç è ���Z¨ñÛ9� Ê , theresultisÞ à � � � à � �� � � � Þ à � �Çò à � ��ð � � �Ø� ï ð � � �mï�� � � ð/ó � Þ �Þ î

��ð � � � à ï ð � � �mï�� � � ð � à
(19)
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which is valid for �X° � °léÏ¨ < . Again
ç è ^�� . For

� ^¡éÏ¨©�
theequationchangessincethenetworkcannothold morethan é
membersin thetransmissiongroup.Thereis no stateto which to
increaseafter

ç�ô
hasbeenreached,in factÞ � � � � Þ �Þ�î �� ð � � ï ð � � �mï�� � � ð (20)

Eqs.19and20 togetherwith thefact thatthesumof all prob-
abilities õ ô!$ö � ç ! ^÷� , form asystemwith é 7 � equationswith
thesamenumberof unknown variables.Startingwith

ç ô '*� we
canmakeeachof the equationsbe a function of

ç�ô
. To solve

for
ç ô

, we can substituteeachof thesetermsin the equationõ ô!$ö � ç ! ^b� . Using
ç�ô

we cangeta valuefor eachof the re-
mainingprobabilities.Thus,theaveragenumberof groupmem-
bersis øz^dõ ô!6ö2� � ç ! . therefore,theaveragechannelthroughput
is equalto

ù � úûvü � û � � ý (21)

where þ is the averageutilization time of the channel,during
whichthechannelisbeingusedto transmitdatapackets;ÿ�� is the
expecteddurationof thecontentionperiod; ÿ�� is theexpecteddu-
rationof thegroup-transmissionperiod;and � is theaverageidle
period, i.e., the averageinterval betweentwo consecutive busy
periods.

Theaverageutilization þ dependson theaveragenumberof
membersin thetransmissiongroup ø andincreasesthethrough-
putof thesystem. ú � ��� (22)

Theexpecteddurationof thecontentionperiod ÿ�� dependson
theloadof thechannel.Thecontentionperiodis notconstantbut
variesbasedon thegiven load. The larger thecontentionperiod
is, the lower the throughputis. If the load is high, the splitting



algorithmrequiresmoretime to resolve thecollision andhave a
successfulRTS/CTSexchange.Thedurationof anaveragecon-
tentionperiodequalsthe sumof the percentageof the success-
fully RTS/CTSexchangeperiodstimes their duration ; æ , plus
thepercentageof the treeperiodstimestheir duration. Thetree
periodsarecomposedof threepartseachwith adistinctcostand
duration. According to the averagecost resultsand the upper
boundaryfor eachof them,the averagecontentionbusy period
canbewrittenasûvü � � � å Þ � � ½ � � å ��Õ Ö�×1� ãTä � ��� � � ä� � � � ¾�� � � Þ � �� ��� � � ä � ãTä�å � � ã�ä� � � � ãTä �

½ � � � ä � ��Õ Ö�×�� ãTä � � 	 � � ä� ¾ � � � � � ãTä � �
� ãTä �$�� � � � ãTä
(23)

Theaveragegroup-transmissionperiodis equalto theaverage
numberof groupmembers( ø ) timesthe transmissionperiodfor
onepacket(

S 7 : ); therefore,û � � � å � � � ä � (24)

If the transmissiongroupis empty, the lengthof the idle pe-
riod is givenby thenext RTSarrival into thechannel.In contrast,
whenthe transmissiongroupis not empty, the lengthof the idle
periodis limited by thestartof thenext transmissionperiod.If no
stationis addedto thetransmissiongroup,theidle periodis lim-
ited to

< : seconds;else,if oneor morestationsbid to beaddedto
the transmissiongroup,the idle periodlasts : seconds.Accord-
ingly, weobtainý � Þ � ä �� � ��� ãTä � � � � Þ � ��
 ä ãTä � � ã�ä� � ��� ãTä � � ä � � � ãTä � � ã�ä� � ��� ãTä �
�� Þ � ä� � � � ãTä � � � � Þ � ��
�� ä � ä ãTä � � ãTä� � � � ã�ä �

(25)

SubstitutingEqs.22, 23, 24, and25 into Eq. 21 theaverage
throughputcanbewrittenas:ù�� � �8� ��� � � � � � ãTä �� ��� ãTä � û (26)

with

� � � � ä � � ãTä � � � � � � � ãTä ��Õ Ö�×1� ã�ä � �� � ãTä � � � � ã�ä ���h� ä �   � � � ��� � � � ä ��� ãTä � Þ � �m� ä Þ � �û �����6�8� ä �~� � �&Õ Ö�×1� ãTä � � �$� �h� ä �   � ��� ��� �~� � ä � � ä Þ � �
�
(27)

Theaveragethroughputfor ouralgorithmcandirectlybecom-
paredwith theresultsobtainedin [5] for theslottedFAMA-NTR
protocol.Thethroughputpresentedin [5] assumesthateachsta-
tion hasat mostonedatapacketto send. If we modify this as-
sumptionandallow an averagepackettrain of size ø S the new
throughputfor slottedFAMA-NTR canbewrittenas:ù � î ³ î � ��� ãTä � � ãTä� � ãTä � ��� ãTä � ãTä � � � � 	 ä � � � ãTä � � � ä � � � (28)

Theperformancecomparisonis donefor both low speednet-
work ( �>j9�>� bps)andhigh speednetwork ( � Mbps) with small
datapacketsof �TU bytes(asin ATM cells)andlongerdatapack-
etsof

` �9� bytes.We assumethespacingbetweenstationsto be
the sameand definethe diameterof the network to be �&j�� ���9�
Km., which is �]� miles. Assumingtheseparameters,the prop-
agationdelayof the channelis � ` ¿ s. To accommodatethe use
of IP addressesfor destinationandsource,theminimumsizeof
RTSsandCTSsis

< � bytes. We normalizeboth throughputre-
sultsby setting

S ^�� anddefiningthefollowing variablesî � ä
� (normalizedpropagationdelay)� � � � (normalizedcontrolpackets)� � ã�å � (offeredload,normalizedto datapacket) (29)

If wesubstitutethenew normalizedvariablesfrom Eq.29 into
thethroughputEqs.26 and28,weobtainù�� �8� � � � � � � î � ���� � � î � � û�� (30)

with

� � � ��� î � � î � � � � � � � î � � �&Õ Öh×1� î � � ��
� î � � � � î � � ���h� î �   � � � � � � î � �m� î � �vÞ � �m� î Þ � �û � � � �$�8� î ��� � �/Õ Öh×1� î � � � �6� �h� î �   � �m� � �m� î � � � î Þ � ���
(31)

for the throughputof our algorithm. For the slottedversionof
FAMA-NTR, thethroughputcanbewrittenas:ù � î ³ î � � î � � � î �� î � � � î � � � � î � � 	 î � � � å � � î � � � � î � � � (32)

NetworkSpeed PacketSize �  mu ä� ! u � �
9600bps 424bits 44166.7" s 0.0012 0.377
9600bps 3200bits 333333.3" s 0.000162 0.050
1 Mbps 424bits 424 " s 0.127 0.377
1 Mbps 3200bits 3200 " s 0.0168 0.050

Table3: Protocolvariablesfor low-speednetworks( #%$�&%&
bps)andhigh-speednetworks( ë Mbps)with two typesof
datapackets,small ( LvP
L bits) or large ( '8P%&�& bits). The
channeldelayis (­J*)ÎL%+ s, while the control packetsareë�$%& bits long.

In Table3, we summarizetheprotocolparameters.In Fig. 3
we comparethe throughputfor slottedCARMA-NTG to slotted
FAMA-NTR for the casein which there is an averageof one
packetper packettrain. The comparisonis donefor low-speed
network �>j9�>� bpsanda smalldatapacket

S ^,��U bytes.Figs.4
and 5 show the throughput(S) versusthe offered load (G) for
variesaveragenumberof membersin the transmissiongroup ø
for slottedCARMA-NTG. The averagenumberof groupmem-
bers ø is a function of theaveragenumberof packetsin a mes-
sageÝ andcanbecalculatedby solvingtheprobabilities

ç Ê in
the Markov chain. As the averagenumberof membersin the
transmissiongroupincreasesdueto increasein theofferedload,
the throughputof CARMA-NTG approachesthe throughputof



TDMA; this would be the caseif the stationsengagedin long-
termsessions.Eventually, thethroughputof CARMA-NTR goes
to � asin FAMA-NTR sincethesizeof thecontentionincreases
with more stations(to get the RTS/CTSsuccessrequiresmore
time) while the sizeof the transmissiongroupis limited by the
physicalpropertiesof thechannel.

5 Conclusions
Wehavedescribedandanalyzedaspecificprotocol,CARMA-

NTG,asanexampleof theintegrationof collisionavoidancewith
dynamictransmissiongroupsin a wirelessnetwork. CARMA-
NTG dynamically divides the channelinto cycles of variable
length; eachcycle consistsof a contentionperiodanda group-
transmissionperiod. During the contentionperiod, a station
with one or more packetsto sendcompetesfor the right to be
addedto the transmissiongroup; this is doneusinga collision-
resolution-splittingalgorithm basedon a request-to-send/clear-
to-send(RTS/CTS)exchangewith carriersensing.

Our analysis shows that CARMA-NTG provides high
throughputwhen either a small or a large numberof stations
needto accessthe channel.Allowing the maximumsizeof the
transmissiongroupto equalthenumberof stationsin thesystem,
CARMA-NTG becomesTDMA in effect whenall stationsneed
to transmit. CARMA-NTG is muchmoreefficient thanTDMA
whenthereareonly a few stationswith packetsto send.

Ourdesignandanalysisis limited to fully connectedwireless
networksusinga singlechannel.Our work continuesto address
moredetailedanalysisof performanceof thesetypesMAC proto-
cols[13], moresophisticatedgroupallocationstrategies,andthe
applicationof thesetypeof protocolsto networkswith multiple
hopsandmultiplechannels.
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